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ABSTRACT

Exploring integral operators and spaces of analytic functions remains
a focal point for many mathematicians. While majority of the research
has centered around the analytic spaces of the unit disk. There has been
a growing interest in extending these studies to analytic spaces of the
upper half plane. The properties of integral operators on Hardy and
Bergman spaces of the upper half plane have largely been determined.
However, there is still more to explore regarding the Dirichlet space of
the upper half-plane. In this study, we have focused on the properties
of integral operators on Dirichlet spaces of the upper half plane D(U)
. Specifically, we have determined the semigroup properties of com-
position semigroup; constructed a class on integral operators and in-
vestigated its properties on the Dirichlet space of the upper half plane.
Applying methods similar to those utilized in the related works of Ag-
wang’ and Oyugi, we identified the semigroup properties. We have
constructed a class of integral operators which is acting on the Dirich-
let space of the upper half plane employing the approach of strongly
continuous semigroup of composition operators on Banach spaces. By
employing the spectral mapping theorems and Hille-Yosida theorem
we successfully identified the spectra and the norm properties of inte-
gral operators. The findings of this research contributes meaningfully
to the existing literature, providing valuable insights for pure mathe-

maticians advancing in this area.
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Chapter 1

Introduction

1.1 Background of the study

Since 1992, studies have been conducted on integral operators in spaces
of analytical functions. Rochberg and Wu [17], in their study consid-
ered Toeplitz operators on Dirichlet space of the unit disc in the com-
plex plane, C. Aleman and Siskakis [3] investigated an integral oper-
ators on Hardy spaces. They researched also on integral operators on
Hardy spaces [4]. More recently, attention has turned towards integral
operators on analytic spaces of the upper half plane, U. In 2013 Ar-
vanitidis and Siskakis [6] investigated Cesdro operators on the Hardy
spaces of the upper half plane, H?(U) . A similar approach was taken
by Ballamoole et al [7], they investigated Cesaro like operator on both
HP(U) and L} (U) , the Bergman spaces of the upper half plane. Ag-
wang’ [1] considered groups of composition operators on the Dirichlet
spaces of the upper half plane D(U). He established the strong conti-
nuity of the induced groups of composition operators, along with the

existence of their infinitesimal generator I' and domain. Oyugi [15]



CHAPTER 1. INTRODUCTION

constructed a Cesdro-type integral operator acting on D(U). However,
a general class of integral operators on the Dirichlet spaces of the upper
half plane has never been obtained. In this study we have considered
the entire class of integral operators on the Dirichlet spaces of the up-
per half plane induced by the scaling class and providing the analysis

for the translation class.

1.2 Basic concepts

1.2.1 Normed spaces

Let X be a vector space over a scalar field F . A function ||.|| : X — Fis

a norm if the following conditions holds.

1. ||x]| =0« x =0,
2. |[Ax]|| = |A]|x]| for every x € X and A € F,

3. lx+yll < [lxl[ + [lyl for every x,y € X.

Let X be a vector space and ||.|| be a norm on X, then the pair (X, ||.||)
is called a normed space.

Let x,, denote a sequence in a normed space X. Then, (x,) is conver-
gent to a limit, say, x if Ve > 03N > 0 such that ||x, — x|| < eVn > N.
In this case, we write x, — x as n — 0. (x,) is said to be Cauchy in X
if Ve > 03N = N(¢) such that Vim,n > N, ||x, — x| < €.

A normed space X is said to be complete if every Cauchy sequence in

X converges to an element of X. A complete normed space is called a

2



CHAPTER 1. INTRODUCTION

Banach space.

A Hilbert space is a Banach space (X, ||.||) whose norm is given by their
inner product via relation ||x||? (x,x),Vx € X, where (.,.) denotes the
inner product. A complete inner product space is called Hilbert space,

H.

1.2.2 The unit Disk (ID) and the upper half plane (U)

Let the set of all complex numbers be denoted by C. The open unit disk
D of the complex plane C is defined as D := {z € C : |z| < 1}. Let the
area measure dA on the unit disk be normalized such that the area of
D is 1. Then dA = Ldxdy = Ldrd6, where re® = x + iy = z € D. The
upper half plane U of the complex plane is set U = {w € C : ¥(w) >
0}, where & (w) represents the imaginary part of w € C. Additionally,
the area Lebesgue measure on U is denoted by dA(w). The function

Y : U — U given by ¢(z) = 1(11:;2) is conformal and its inverse 1 :

U — Disgivenby p~1 = z—j& See [14, 23] for details.

1.2.3 Analytic function

Let an open subset of C be represented by (), consider a function f that
maps () onto the complex plane. The function f is said to be complex
differentiable at z; € () if the limit

f(z0 + Az) — f(z0)

)
(z0) =g TR
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exists. Also, f is analytic or holomorphic on Q) if it is differentiable
within a neighborhood of every point in (). f is said to be an entire
function if it is analytic on C, thatis () = C.

A bijective and holomorphic map is known as biholomorphic. A bi-
holomorphic map of an open subset of C into itself is called an auto-
morphism. The automorphism set on (), denoted by Aut((}), consti-
tutes a group, where the group operation is given by composition of
maps. If a function ¢ maps () into itself, then ¢ is called a self map. It
is important to note that self analytic maps of () essentially represents

the automorphism of Q). See [15, 16, 23] for details.

1.2.4 Spaces of analytic function

Let #(Q2) denote the set of all analytic function f that maps ) onto C.
Then:

1. HP(D)1 < p < oo, is the set of all f € H(ID) for which

1
su 1 T i P
£l ez (D) = o (/_7T |f(reg)|”d9) < 0.

Similarly HP(U), 1 < p < oo consists of all f € H(U) for which

1
su o0 . P
1Nl e vy :y>po (/oo |f(x+ zy)|pdx) < .

HP(.) are complete normed spaces with ||.[|pp() defined as the

norm. In particular, H?(.) are Hilbert spaces.



CHAPTER 1. INTRODUCTION

2. LP(ID), 1 < p < oo is defined as set of all f € H(ID) for which

LI(D) = {f € H(D) : |Iflly ) == ( A |f<z>|PdA<z))” < oo}.

Similarly, L} (U), 1 < p < oo, consists of all f € H(U) for which

LI(U) = {f € H(D) : [If l p ) = ( I |f<w>|pdA<w>)”}.

L} are Banach spaces under the norm ||.| 17 () additionally Lisa

Hilbert space.

3. D(D),1 < p < cois defined as a set of all f € H(ID) for which

£y = [ 1 @A) < o0

with Hf||2D(]D) = [f(0)]*+ Hf||%1(]D) and the seminorm as ||.]|D1(]D)
on D(D).
Similarly, D(U), consists of all f € H(U) for which

£y = [ 1 @PIAR) < o0

with the norm as ||f||2D(1U) = [f()>+ ||f||2D1(U) and the seminorm
as ||.|lp,(uy on D(U).
Considering the norm ||.[p(), D(.) is a complete normed space

and also complete with respect to inner product defined on D by

() ooy = (FO)(O) + [ f@IEAAR) .l e D(D)
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and for U by

) o) = @0 + [ f @)W @)dA(w) ¥f,he D(U)

We refer [9, 13, 21, 23] for a comprehensive theory.

1.2.5 Operators and functions

Consider Banach spaces X and Y over the field F. An operator T :
X — Yislinearif Vx,y € X,a, 8 € F we have T(ax + py) = aTx +
BTy. An operator T defined on Banach space X is considered closed
if, whenever a sequence (x,) in the domain of T converges to some
x € X and Tx, converges to some y € X, then x is the domain of T and

Tx =y.If T: X — Y is closed, we define the spectrum of T,c(T), by
o(T)={A € C:AI—-T isnotinvertible}.

The compliment of spectrum C/p(T) is denoted by p(T) and is known
as the resolvent set of T. The point spectrum of an operator T is the set
of all eigenvalues of T, it is denoted by ¢, (T) and the spectral radius
of T is denoted by 7(T) is

"(T) =% M

The operator R(A, T) := (Al — T)~! mapping X into X is the resolvent
TatA € p(T).

A linear operators T : X — Y is said to be bounded if there exists a
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constant M > 0 such that,

ITx|| < Mllx]|, vx € X

in such cases, we define the operator norm of T, || T|| by

IT] = sup{|[Tx[| : x € X, [[x[| <1}

The set of all bounded linear operators from X into Y is denoted as
L(X,Y), and is written as L(X) = L(X, X).

The range of a linear operator T : X — Y is the set,

R(T)={yeY:y=Tx, forsomex € X}.

The null space of T : X — Y is the set,

N(T)={x € X:Tx =0}.

If T € L(X,Y), then N(T) is a closed linear subspace of X, while R(T)
is a linear subspace of Y which is not necessary closed.

A functional is an operator whose range lies in IF. We shall denote the
set of all bounded linear functions L(X, F) by X*, the dual space of X.

The operator T is said to be an isometry if it preserves norm, that is,

ITx|| = ||x|| Vx e X.
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In an inner product space X, the definition becomes
(x,x) = (Tx, Tx) Vx € X.

Equivalently T*T = I, given that T* denotes the adjoint of T. This also

means that the isometries preserve inner products as
(Tu, Tv) = (u, T*Tv) = (u,v).

See [15, 18] for more details.

1.2.6 Some integral operators

Let f be a measurable function on R and k be a fixed measurable func-
tion on IR?. The integral operator L; with kernel K is formally defined
by

LF() = [ Ky fy)dy.

—00

Example 1.1
Voltera type integral operators- This is a bounded linear operator on
the space of holomorphic function (2. This operator is induced by a

holomorphic symbol g : (3 — C defined by

Vf(2) = | F@g0)d

forz € O and f € Q. For more details see [15].
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1.2.7 Semigroup of linear operators

A one parameter family (T;);>0 is a semigroup bounded linear operator

on Banach space X if it satisfies;

(@) To = I, where I is the identity operator on X,

(b) Tiys = TioTs Vt,s > 0.(Semigroup property)

(Tt)ter is a group on X if both (T})¢>0 and (T});<p are semigroups on
X. The semi group, (T});>0 € L(X) is strongly continuous if Vx €
X, lm || Tx — x|| = 0.

Co - semigroup is called a strongly continuous semigroup. The in-
finitesimal generator I of (T;);>¢ is given by

~ Tix — x 0
I t
I'x :ﬂ:m — = g)(Ttx)

t=0

for each x € dom (I'), where the domain is given by
. Tox —
dom(T) = {x €X: ilﬂm# exists}.

For details see [14, 16, 20].

1.2.8 Composition operator and semigroups

Let ¢ be an analytic function on an open subset () of C, then ¢ is a self
analytic map thatis ¢ : QO — Q. A family (¢;)¢>0 of analytic self maps

on () is a semigroup if it satisfies the following conditions:



CHAPTER 1. INTRODUCTION

(i) @o(z) = z, the identity map of Q.

(i) @i1s = @roq@s Vt,s>0.

(¢t)ter is a group of both (¢¢);>0 and (¢¢)<o are semigroups.
The composition operator C, induced by ¢ and acting on H(Q}) is de-
tined by

Cog =809 VgeH(O).

On the other hand the composition semigroup

Cop(8) =809t Vg eH(Q)

For more details see [15, 20, 21]

1.3 Statement of the problem

The study of integral operators and their properties have majorly fo-
cused on analytic spaces of the unit disk. Such spaces includes Hardy
spaces, Bergman spaces and Dirichlet spaces. However, the correspond-
ing study on analytic space of the upper half plane, U is much less
complete. Recently the properties of integral operator on Hardy and
Bergman spaces of the upper half plane has been determined. In this
study therefore, we completed the investigation on the composition
semigroup of the scaling class which was partially done. We have also
constructed a class of integral operators on D(U) induced by the trans-
lation class as the resolvents of the infinitesimal generator I" and inves-

tigated its properties.

10
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1.4 Objectives of the study

The main objective of the study was to determine the properties of a
class of integral operators on the Dirichlet space of the upper half plane.

The specific objectives were to:

1. Determine the semigroup properties of a composition semigroup

on the Dirichlet space of the upper half plane.
2. Construct a class of integral operators on D(U).

3. Investigate properties of the class of integral operators constructed

in (2) above.

1.5 Significance of the study

Integral operators on spaces of analytic functions on the unit disk ID
have been investigated. Not so much has been done on the upper half
plane U. Findings from this study have added new information to the
tield of pure mathematics thereby providing valuable insights to the
current available literature and help in advancing of research on this
and other related areas. Besides, the outcomes of this research holds

potential utility in the exploration of integral equations and operators.

11
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1.6 Research methodology

To determine the semigroup properties of a composition semigroup on
D(U), we proved that this composition semigroup induced by both
scaling and translation classes forms a group, it is a linear isometry
and strongly continuous on D(U). We also determined the infinitesi-
mal generator and its domain.

To construct a class of integral operators on the D(U), we have used
Laplace transform which gives a class of integral operators for both
scaling and translation classes.

Investigating the properties of the class of integral operators constructed,
we have used spectral mapping theorems for strong continuous groups
and for resolvent to determine the spectrum of the integral operators.
To obtain the norm properties of the constructed operators as well as

the spectral radius, we applied the Hille-Yosida theorem.

12



Chapter 2

Literature review

Studies on integral operators on analytic spaces of the unit disk has
been done. It was introduced in 1992 by Rochberg and Wu [17] who
considered Toeplitz operators on D(ID) in C, for the operator to be
bounded and compact on this space, they obtained the necessary and
sufficient conditions on the symbols of the operator.

In 1995, Aleman and Siskakis [3] determined an integral operator on
HP, they studied the operator T and characterized the function g for
which the operator T is bounded or compact on H? or Schatten classes
on HP. If g(z) = z then T is integral operator on H” while if g(z) =
log(1/(1—z)), then T is the Cesaro operator.

Semigroup operators on Dirichlet spaces were studied in 1996 by Siskakis
[20]. He showed that semigroup of composition operators are strongly
continuous on the Dirichlet space. He further showed how infinitesi-
mal generator is identified and gave some spectral properties.

In 1997, Aleman and Siskakis [4] investigated operators of the form
To(f)(z) = [, £(£)g'(£)d, on weighted Bergman spaces L2(w) of the

unit disk in their paper, Integration operators on Bergman spaces.

13
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Liankuo [22], in 2009 studied Hankel operator on the D(ID) and proved
its relation on Hankel operator on L2 and H?. Voltera operator on
H?(ID) was studied by Brevig et al [9].

In recent times, there has been a growing interest in studying classes
of integral operators on U. In 2013, Arvanitidis and Siskakis [6] deter-
mined a Cesaro operator on Hardy spaces of the upper half plane and
identified resolvents for appropriate semigroups of composition oper-
ators. They found the norm and the spectrum in each case.
Cesaro-like operator on H” (U) and L} (U) was studied in 2016 by Bal-
lamoole et al [7]. They developed integral operators associated with
strongly continuous groups of invertible isometries on the H?” and the
weighted Bergman spaces of U. They specifically obtained the spec-
trum and point spectrum of the generator and represented resolvents
as integral operators related to the Cesdro operator investigated by Ar-
vanitidis and Siskakis on H? (U).

In 2020, Agwang’ [1] investigated groups of composition operators on
D(U). He established composition groups induced by the scaling, rota-
tion and translation groups. He also delved into semigroups and spec-
tral characteristics of every group on D(U). He demonstrated that the
induced groups of composition operators exhibit strong continuity, and
both their I and domain are existent.

In 2021, integral operators of Cesaro-type that acts on D(U) were con-
structed by Oyugi [15]. However, she did not obtain the general class
of integral operators.

Therefore, in this study, we will examine the characteristics of integral

operators within the Dirichlet space of the upper half plane induced by

14
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scaling and translation classes. The following results shall be useful:

Theorem 2.1 (Cauchy - Schwarz inequality)

In an inner product space M over C. Then for all x,y € M,

[ y) [ < [yl

Theorem 2.2 (Laplace Transform)
Suppose X is a Banach space, and let I be the infinitesimal generator of
a strong continuous semigroup of contractions (T;);>o C L(X) for any

A > 0andh € XR(A,T) is defined by

R(A, T)h(z) = /0 T MTh(z)dt,

and this integral converges in the norm.
Theorem 2.3 (Spectrum of invertible and non-invertible isometry)
Let X be a Banach space and T : X — X on a Banach space X. If T is an

invertible isometry, then

oD D o(T),

where dID is the unit circle’s boundary. If T is a non-invertible isometry,
then

oD = o(T).
Theorem 2.4 (Hille-Yoside)
Let (T¢)s>0 be a one-parameter semigroup of linear operators on a Ba-
nach space X and I’ be infinitesimal generator. The Hille-Yosida theo-

rem states that if:
(i) T is closed and the domain of T is dense in X.

15
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(ii) The resolvent R(A,T') exists for some A > 0.

(ii)) [R(A,T)| < L.

Then, the operator I' generates a bounded semigroup of operators.

Theorem 2.5 (Spectral mapping theorem for resolvents)

Let X be a Banach spaceand T : X — X be closed, and A € p(T). Then;

2. 0p(RA,T)\{0} = (A —p(T) " = { 1Ly e UP(T)}.

Theorem 2.6 (Spectral mapping theorem for semigroup)
Consider a strongly continuous semigroup (T¢);>o and its infinitesimal

generator, I'. Then the spectrum;
to(T)
e C o(Ty)

and for this spectrum

0p(Ty) = T,
Theorem 2.7 (Closed graph theorem)
Suppose X and Y are Banach spaces, and let T : X — Y be linear
operator. Then T is closed if and only if it is continuous.
Theorem 2.8 ([7])
Let one of the spaces H?(U) or L} (U), be denoted by X,1 < p < oo
anda > —1(a = —1if X = HF(U)),andlety = (« +2)/p. Ifc € R
and vy,v € C, then

16
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1. f(w) = (w—c)*(A+1i)? € X if and only if Re(A +v) < —y <
Re(A). In particular, (w —c)* ¢ X forany A € C and (w+1)° € X

if and only if Re(v) < —7.

2. f(w) = e“/w® € X if and only if, % < ¢ < 7. In particular
e /w ¢ HP(U) for any c € R
Theorem 2.9 (Fatou’s lemma)
Let (f,) be a sequence of non-negative measurable function on a mea-

sure space (X, A, i). The Fatou’s lemma states

/ liminf fadu < liminf / Fad.

Theorem 2.10 (Classification theorem for the Aut(U))
Suppose ¢ : R — Aut(U) is a nontrivial continuous group homomor-

phism. Then only one of the following cases holds:
1. There exists k in R,k # 0 and ¢ € Aut(U) so that ¢:(z) =
¢ Y(g(z) +kt)Vz € Uandt € R (Translation class).

2. There exists K > 0,k # 0, and ¢ € Aut(U) so that ¢:(z) =
¢ (k'g(z))Vz € Uandt € R (scaling class).

3. There exists k > 0, K # 0, and a conformal mapping g of U onto
D such that ¢;(z) = ¢~ (e**¢(z))Vz € Uandt € Uandt € R

(Rotation class).

17
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Composition semigroup

induced by the scaling class

3.1 Introduction

Following Theorem 2.10, all the automorphism of (U) can be classified
into three classes distinctively, these are the translation, the scaling and
the rotational classes. As remarked in [7], it is sufficient to consider

special cases of the classes:

1. For the scaling class, we consider the automorphism of the fol-

lowing form

pi(z)=e¢'z  VzeU, teR 3.1)

2. For the translation class, we consider the automorphism of the

18
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following form

p(z) =z+t VzelU, teR. (3.2)

3. For the rotation class, we consider the automorphism of the fol-
lowing form

pi(z) =e**  VzeD,teR. (3.3)

Therefore, the corresponding composition semigroup induced by the
automorphism classes (¢;);>o denoted by Cy, and acting on D(U) are
given by

Coi8(2) = 8(e(2))- (34)

We prove that Cy, is strongly continuous on D(U).

Theorem 3.1
Let Cyp, be as defined in (3.4). Then the operator C,, is strongly contin-
uous on D(U).

PROOF. Remember [[Cy,gll3y = [Cog (i) 2+ [ |(Cog —2)' (2) PAA().
To establish the strong continuity of (C,)s>0, it is enough to demon-

strate that:
¢ lICg = glpwy =0 Vg € D(U)
ie|(Cpg—8))*+ [y |(Cog —8) (2)|?dA(z) — Oast — 0. This is

equivalent to showing that:

1(Cpg — g)(i)]* — Oast — 0T and

19
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[U|(C¢tg—g)(z)|2%0 as t— 0T

But,
1(Cpig — ) (@) = [(Cpog — ) ()| =0 as t— 0"
To prove that i, [1;1(Cy,8 — &) (2)|?dA(z) = 0, welet g € D(U) and

make a supposition that t, — 0in R. We also let ¢, = Cp,g. Then
¢n(w) — g(w) on the compact subsets of (U) and gj, = ¢’ for each
n. Let fu(@) = 2(1g'P) + 842 — g — ghl2 then fu > 0 and fi(w)
22|¢'(w)]? on D(U) as n — oo.

By Fatou’s lemma, we have

AJZZIg’(z)\ZdA = /UlimninffndA
< limninf/ fndA(z)
U
= timyinf | 28/ +[g4) - (g’ — g P)dA()
U
_ 2/ ’ZdA+2/ '24A — limy, / g |dA
U|g| 1U|g| 1msup]U|g SnldA(z)

:22/ ! 2_1- " / /_ldA )
[ 1)~ timysup [ |8~ ghlaA(z)

Thus 0 < — limsup,, [, I’ — g5][?dA(z) < 0implying thatlimsup,, [, |§’ —
gnll?dA(z) = 0. Hencelim, [, [|§’ — g;,/?dA(z) = O thatislim, [, |Cy,, —
glI*dA(z) = 0. Therefore, ||Cy,, — &llp(w) — 0 as t — 0 implying that
(Cg)teR is strongly continuous. O

In this chapter, we consider composition semigroup induced by the
scaling class given by equation (3.1). Then the composition semigroup

induced by the class (3.1) is given by

Co8(w) = g(e'w) Vg € D(U) (3.5)
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3.2 Semigroup properties

The class (Cy,)i>0 given in (3.5) was considered in [15] where it was
proved that it forms a group on the Dirichlet space of the upper half
plane but it is not an isometry on D(U). For completion, consider the
results below.

Proposition 3.2

Let Cy, be as given in (3.5). Then (Cy,);cr forms a group on the Dirich-
let space of the upper half plane under composition but fails to be an

isometry.

For proofs, see [15]

Since Cy, is not an isometry on D(U) (use proposition 3.2, assertion
2), Oyugi [15] in her thesis considered the subspace D,(U) of D(U)
which consists of functions that vanish at the point 7, that is, g(i) = 0,
and therefore D, (U) = {g € D(U) : g(i) = 0}. The norm on D,y is

therefore given by

I8l = | I8 (@)PdA)

However, in this setting, the operator C,, does not map D, (U) on itself
as required for these semigroups. In this regard, the operator Cy, is

redefined as

Cog(z) = g(e 'z) —g(e7'i) Vg € D,(U) (3.6)
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so that Cy,g(i) = g(e~"i) — g(e~'i) = 0. Now C,, maps D,(U) into
itself, that is, Cy, : Do(U) — Do (U)

The property of the class operator (CA(Pt)tGR was partially investigated
in [15] and we summarize them in the next proposition. However, for

completeness of this work, we include our own proofs.

Proposition 3.3

Let CA(Pt be as defined in (3.6). Then:

1. The class (Cy,)tcr defines a group on D, (U).
2. C,, is a linear isometry on D, (U).
3. The operator Cy, is strongly continuous on D,(U).

4. The infinitesimal generator I" of (é¢t)t20 is given by
Tg(z) = —2¢'(z) +ig'(i) (3.7)
with dom(T') = {g € D,(U) : z¢'(z) € D(U)}.

PROOF. To proof (1), it corrects both (Cy, )10 and (Cy,)i<o as semi-
groups on D, (U).
Now for all ¢ € D,(U)

Cpy = gle"w) —g(e%)
= glw) —g(i)
= g(w)
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This implies that C,, = I, the identity operator on D, (U). Next, we

have forall t,s > 0;

(Cp0Cp,)8(w) = é(pt(é(psg(w))
= Cp(glew) —g(e™"i))
= gleT(e7w)) —gle™ (%))
= gle ) - gle )

= é¢s+tg(w)l

as desired.

Hence, (é¢t)t20 forms a semigroup on D,(U). Applying the same ar-
gument, proves that (Cy, )i<o also forms a semigroup on D, (U). For
this reason the class (Cy, )tcr forms a group on D, (U). This proves as-
sertion 1.

For assertion 2, we first show that Cy, is linear. Vf,g € D,(U) and

a, B € F, we have;

Coilaf +Bg)(w) = (af +pg)(e”'w) — (af + pg)(e"i)
— wflew) + Bg(ew) — af(e i) — Bgle )
= a(f(e”'w) = f(e™'1)) + Bg(e'w) —gle™"D))
= aCy, f(w) + pCyg(w)

as desired.
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Next, we prove that CA(,,t is an isometry. Now, Vg € D,(U) we have;

1Cogld, ) = [ 1(Ca(s)) () PAAE)

= [ 1(g(e™'z) — g(e™'i))|*dA(2)

Changing variables, let w = e~ 'z then z = e'w and applying the Jaco-
bian, it implies that dA(z) = e*d A(w). Therefore:

- /ye (e~'2)PdA(z)
= [ g @) dAw)
- /. |g )PaA(w)

The proof of strong continuity follows from Theorem 3.1.
Next we find T of the group (Cy,) >0
By definition, the infinitesimal generator I' of the group (CAq)t)tzo is

given by;

I'g(z) = t.—>0+
J t

= splsete) —s()|

= (—e" tzg’(e*tz)+ie*tg’(e’ti))\tzo
= —zg'(z) +ig'(i).

Therefore I'g(z) = —z¢'(z) + ig’(i). This implies that dom(T') C {g €
Do(U) : z¢'(z) € D(U)}. Conversely, we let ¢ € D,(U) such that
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zg'(z) € D(U). Then Vz € U, we have,

t

Cog(z) —g(z) = (8(e772) —g(e™%))ds

& @

—e%z¢' (e7%z) +ie™°g (e 7%i)ds

e *(—28'(z) + ig(i))ds

S— S— S— 5—

é¢SG(z)ds,

where G(z) = —zg¢'(z) +ig/(i). Thus Pjoc"’t;f_g = lm1 fg Cy.(G)ds
and strong continuity of (Cy, )¢>0 implies that %fot 1Cp,G — Gllds — 0
ast — 0. Hence dom(I') D {g € D(U) : zg'(z) € D(U)}, which

completes our proof. O

3.3 Spectral properties

In this section we determine the spectrum of the semigroup (CA(Pt)tzo.
We begin by proving the following Lemma that highlights different
scenarios for an analytic function g.
Lemma 3.4
1. Ifc € Rand A,v € C, then g(w) = (w — c)M(w +i)? € L2(U) if
and only if Re(A +v) < —1 < Re(A). In particular, (w — c)* ¢
L2(U) forany A € C and (w +i)? if and only if Re(v) < —1.
2. g(w) = i—f € L2(U) ifand only if § < ¢ < 1.
3. ¢ € Do(U) ifand only if ¢’ € L2(U).
4. ¢’ € 12(U) ifand only if ¢'¢’' o ¢ € L2(ID).
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5. ¢ € Do(U) if and only if ¢'g’ o € L2(DD).

PROOF. Assertion 1 and 2 results from Theorem 2.8 by taking p = 2
and a = 0. Assertion 3 follows from the definition. Indeed, g € D,(U)
if and only if [i;|g'(z)|*dA(z) < oo which is equivalent to ¢’ € L2(U).
This proves assertion 3.

Now, let Syg := §'g o 1, where ¢ is the Cayley transform. By a change
of variables argument: let w = 1(z), then dA(w) = [¢/(2)|*dA(z)
where |¢/(z)]? is the Jacobian.

Therefore,

ISuslim) = [ ¥ @PWE)PIAR)
= [ ls@)PdAw)
- HgHig(U)/

which proves assertion 4.

Assertion 5 follows clearly from assertions 3 and 4. Indeed g € D,(U) <
¢ € 12(U) & ¢/'¢ o € L2(D). O
Next, we fully determine the spectral properties of the infinitesimal

generator of (Cy,)1>0 on Do (U).

Theorem 3.5

SupposeT is the infinitesimal generator of the group (Cy, )tcr on Do (U)
given in equation (3.7), then the point spectrum ¢,(I') of ' is empty,
that is 0,(I') = @ and the spectrum o(T') of I is exactly in the imagi-

nary line, that is, 0(I') = iR. In particular, T is unbounded.

PROOF. To obtain the point spectrum of I', we let A be an eigenvalue
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of I' and let g be a corresponding eigenvector, such that '¢ = Ag. This
implies that —zg’(z) + ig’ (i) = Ag(z), which can be expresses as

—2¢'(z) —Ag(z) = -D

where D = ig’(i). Using integrating factor technique, we obtain a gen-
eral equation,

g(z) = % +Cz7h,

where D = ig/(i) and C is an arbitrary constant. Through differen-
tiation, we find ¢’(z) = —AC~(A+1_ According to Lemma 3.4 that
¢ € L2(U) if and only if (A1) < —1 < R(A). However, there is
no such A that satisfies this condition, leading to ¢, (I') = @.

Next we show that o(T') = iR.

Since each ((f(,,t) is an invertible isometry, (Theorem 2.3) its spectrum
satisfies U(é¢t) C 0D, and the spectral mapping theorem for strongly
continuous group, (Theorem 2.6) implies that ¢! C (T(CA@). There-
fore,

") C o(C,,) C OD.

Let A € o(T), then |e}| = 1 since e!?(I) C 9ID.

This means that

MY =1 = R =0
= R(A)=0.

This shows that A € iR which implies that o(I") C iRR.

To prove that iR D ¢(I'), fix A € iR and consider the function h(w) :=
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hi(w) — hy(i) where hi(w) = w MY (w +i)72. By assertion 1 and
Lemma 3.4 h € D, (U) since ' (w) = w ™M w +i) 2+ w M (w +i)73
and Re(—A —2) = —2, Re(—A +1 — 3) = —2which is less than — 1 as
required in assertion 1 and lemma 3.4.

We consider equation

(A=T)g =h.

Substituting the values of I' and / we get,
Ag(w) + wg' (w) —ig (i) = w  (w+i) "2+ A, (3.8)

where A = hy ().
To solve (3.8), let A +ig’(i) be B so that,

Ag(w) + wg' (w) = w MY w+i)"2+B.

Dividing through by w yields

—A+1 N —2
w w1 B
(@+)? B

§(w) + glw) = T =

This forms the first order differential equation which can be solved by

applying the integrating factor method.

g(w) = —wMw+i)t+ ; + Cw™, (3.9)

where B = ig(i) and C is an arbitrary constant.

Checking if g given by equation (3.9) is in D(U), we find g¢’. By differ-
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entiation,
¢ (W) =wMw+) 2+ A0 M (w+i)" = ACw™ M. (3.10)

Using Lemma 3.4, assertion 3 and 4, it suffices to check if ¢/ (z)¢' (¥(z))
is in L2(ID).

Since
_i(1+2z2)
w(z) - 1 —z 4
it follows that,
P
Y'(z) = = (3.11)
Also, using (3.10)

¥'(2)8' (p(2)) = ¢'(z) [(#’(Z))*A(’P(Z) +1) 2 4+ Ap(z)" M (p(z) +1) -
AC(¢(Z))*<A+1>}. (3.12)

Now, using (3.11) and (3.12) we obtain

i —z)* i(14z
VESWE) = o | e (o2
IECTANLIES IUSIPECES I |

i)\—|—1(1 + Z)/\+1( 1—2 i)\—|—1(1 + Z)/\—H

Simplifying, we have

N 1—z) [—i A 2AC
VESWE) = Ay |3 s g
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Thus;

¥ (2)¢' (p(z) = C1(1 —2)M(14+2) "+ Co(1 —2)M 1 (1 +2)~ M)
+ CC3(1 —2)M 11 +z)~ (A1),

Take f(z) := ¢/'(2)¢'(¥(z)). Then f € L2(DD) if and only if all these
conditions are satisfied: Re(A) > —1,Re(—A) > 0,Re(A) > 0, and
Re(—A) > —1, which is impossible and therefore f ¢ L2(U), implying
that ¢ ¢ D(U). Thus h ¢ ran(A —T), thatis A — T is not invertible and
soA € ¢(T'). Hence iR C ¢(T'), as desired. O
REMARK 3.6

In Theorem 3.5 above, we have fully computed the spectrum of the
semigroup (Cy, )s>0. This is an extension of the work by [15] where the
spectrum was partially determined. As a result,we obtain the entire
class of integral operators as resolvents of I of this group. In [15], only a
single integral operator was obtained . This study therefore completes
the spectral analysis of the composition semigroup induced by scaling

class.

3.4 A class of integral operators and its prop-
erties
In this section, we obtain the resolvents as a class of integral operators

on D, (U). Further, we determine the spectra, the norm and the spec-

tral radius of the resolvent operator obtained.
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Theorem 3.7
If T is the infinitesimal generator of (Cy,)ter on the Do(U), then the

following holds;

1. If Re(v) > 0O then

PROOF. Following from Theorem 3.5, 0;,(I') = @ and o (T') = iR. Now,
for v € C, if Re(v) > 0, then v € p(T) and the resolvent operator
R(v,T), is given in Theorem 2.2: Vh € D,(U),

R(o,T)h(z) = /()we”té¢th(z)dt

- /0 e~ [h(e"z) — h(e ti)]dt.

Changing the variable and letting w = e~'z, thene¢™" = ¢, and so ¢/ =

%,dw:—e‘tzdtanddt:—%dw;t20$w:z,t:oo:>w20

and alsot =Inz —Inw.
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Therefore:
R(0,T)h(z) = /Oze_”(l“_l”“’)[h(w)—h(%i)](—édw)
_ /0 P [i(w) (L)) dw

z %w
z
Z ~
= z‘”/ W th(w)dw.
0

If Re(v) < 0, then —v € p(—T'), where —T is the generator of Cp_th(z) =
h(e'z) — h(e'i), t > 0.

Therefore:

R(v,I)h = —R(—v,—T)h
= [ e, imat.
0
Changing the variables, let w = ez, then ¢! = <; d—‘;’ = w = dt =
%;t:lnw—lnz;t:0:>w:z;t:oo:>w:oo.

We have:

R(v,T)h(z) = —R(—v,—T)h(z)
/oo v(lnw—Inz) [h(w) o h(—i)]

1
— —dw
z w

e
z
w ~
= z_v/ W’ th(w)dw,
Z

where fi(w) = h(w) — h(£i). This proves claim 1.
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We let C, := R(v,T'). Then Theorem 2.5 implies that

c(Cy) = { ! :’yEU(F)}U{O}

_ {:1:5:56R}U{0}
- {‘” <C “"‘ 70| = R }

Graphical representation of the spectrum ¢(Cy) is as given below:

R) R

AN .
NN

(@) R(v) >0 (b) R(v) <0

For 3, by definition we have,

r(R(v,T)) = sup{|lw|:w e c(R(v,A))}

1
= sup{|w| : ‘w— W(0)

N rzmlw}

which implies that;

1 1
“I S mRE) T R
1
= R
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Therefore, ¥(R(v,T)) = sup {|w| Hw| < }: 1
Finally, we prove 4.

Since a norm bounds an operator’s spectral radius then,
r(R(v,T)) < [[R(o, T)]

which implies that

1
[Re(v)]

= r(R(v,T)) < [|R(v,T)].

Theorem 2.4 asserts that

1
IR@D)] < s
Thus,
1 1
=r(R(v,T)) < ||R(v,T) || < .
R00)| (R(v,T)) < [[R(,T)]| (o)
So, |[R(v,T)|| = m, as desired. O

3.5 Adjoint of the integral operator

In this section, we have determined the adjoint of the composition
semigroup on D, (U).

Theorem 3.8

Let (Cy,)ter be given by (3.6) on Do (U) and T be its infinitesimal gen-
erator given by (3.7). Then the following holds:

1. C;;t — C(pft.
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2. (C:

o:)1>0 is also a group of linear isometries on Do (U).

3. C*

¢; 18 strongly continuous on D (U).

4. The infinitesimal generator I'* of (CA;‘,t)tZO is given by

I"f(w) = wf'(w) —if (i) (3.13)

with dom(T*) = {f € Do(U) : wf'(w) € D(U)}. In particular,
I'* = —T and dom(I') = dom(T™).

PROOF. Since D, (U) is a Hilbert space, we have that Vg, f € D,(U)

(Cogf) = | (Cog) (T EIAG)
= [ YD EIAG).

Changing the variables, let w = ¢ fz. Then dA(w) = e #dA(z) and

therefore,

(Cog. ) = [ g (@F @w)aAw)
= /U g (w)f'(dw)e'dA(w)
= [ f@ef iAW)
= | @)ew) = Fe)iAw)
= [ 8@)(Cpf) (@)dA(w)
= (3.C5.f),

as desired. Therefore C’Aj’}t = C,y_, where CAZ;tf = f(elw) — f(e'i). This
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completes the prove for assertion 1.
For assertion 2, we first prove that CA(’;t is linear. Vf,g € D,(U) and

a, b € F we have;

Co(af +Bg)(z) = (af +Bg)(e'z) — (af + Bg)(e'i)
= wf(e'z) + Ble'z) — af (') — Bgle'd)
= a(f(e'z) — f(e'D)) + B(g(e'z) — g(ei))
= aCy f(2z) + BCpg(z),

as desired.

Next we prove that C o; is an isometry. Now, Vf € D, (U), we have

= [ 1€ @) PAAG)
— /U| e'z) — f(e'i)) PdA(z)
= [ e (') PdAw)

Changing the variables, let w = ¢’z then z = e'w, applying the Jaco-
bian, it implies that dA(z) = e ?'d A(w). Therefore:

G ) = [ e @2)PdAG)
= [ @I @) ¥aAw)
= [ If@)PdAw)
= |fl%,w)

Strong continuity of C ¢ follows from strong continuity of Cop-

Next we prove assertion 4.
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By definition, I'* of the group (CA;‘,t)tzo is;

) = i, (€)= 10) = fle)

d ,
= @) D)

= dwf'(ew) —ie'f'(e'i)]i=o

= wf @)~ if Q)
o T f'(w) = wf/(w) —if'(i). This implies that dom(T) C {f €
Do(U) : wf'(w) € D(U)}.

Conversely, we let f € D,(U) such that wf'(w) € D(U)Vz € U we

have

Cof(@) = flw) = [ S(f(ew) ~ fle))as

= /Ot ECwf (ew) —ie’f(e°i)ds
= [ etwf @)~ if ()is

t
= /0 Co F(w)ds,

where F(w) = wf'(w) — if (). Thus ==L = lim 1 [te, (F)ds

and strong continuity of (Cy,)>o implies that 1 flt fot |Cp.F — F||ds — 0
as t — 0. Hence dom(T') C {f € D,(U) : wf'(w) € D(U)}, which
gives the result. 4

Theorem 3.9
Let C} be the adjoint of C,. Then C}; = —C_,.

PROOF. For v € p(T'), we have R(v,T')* = R(v,I'*) = R(v, —T'). There-
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fore:

For Re(v) > 0, we have

For Re(v) < 0 then,

C; = R(oT)*
= —R(-v,-T)*
= —R(—o,-T%)
= —R(-o,T)
= —C_,.

This completes the proof. O]
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Chapter 4

Composition semigroup

induced by the translation class

In this chapter we consider the composition semigroups induced by the
translation class given by equation (3.2). Then the composition semi-

group induced by the class (3.2) on D, (U) is given by

Cp8(z) = 8(z+1), 41)

forall g € D(U).

We also determined the spectral and semigroup properties of equation
(4.1). Finally, we constructed an integral operator on D,(U) that we
attain as the resolvent of infinitesimal generator at a point A = 1 then
partially determine the norm and the spectral properties of the opera-

tor.
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4.1 Semigroup properties

This section dwels on the study of semigroup properties of composi-
tion semigroup (4.1). In particular, we prove that it is a group, but fails
to be an isometry and it is strongly continuous on D(U). Moreover we
determine I'.

Proposition 4.1

Let Cy, be as given in equation (4.1). Then the functions (Cy,);cr forms

a group on Dirichlet space of the upper half plane under composition.

PROOF.

Cpg(z) = g(z+0)

which shows that C(p0 =]

Next, we have for all t,s > 0;

Cp0Cp.8(z) = Cp(g(z+5))
= glz+t+s)
= g(z+ (t+5))

= C¢t+sg(z)'

Therefore Cy,. . g(z) = Cy, 0 Cyp,g(z). Thus (Cy,)s>0 is a semigroup on
D(U).
In a similar way it is clear that (Cyt)¢<o forms a semigroup on Dirich-

let space of the upper half plane. Therefore (Cy,):cr is a group under
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composition as intended. U
In the following proposition we assert that the operator (Cy, ):cr fails

to be an isometry on Dirichlet space of the upper half plane.

Proposition 4.2
The operator C,,, given by (4.1) fails to be an isometry on D(U).

PROOEFE. From the definition of the norm,

ICo 8l D) = !C<ptg(i)\2+/U [(Cpuig)'(2)PAA(2).

But Cp,g(z) = g(z+1t). Therefore |Cy,g(i)|* becomes |Cy,g(i + t)|2.
Implying that |Cy,g(i)[* = |¢'(z + t)|*. Therefore, (Cy,g)'(z) = §'(z+1)
and also | (Cp,) () = Ig'(z + D)2

Now, for the part [i;[(Cy,8) (z)[*dA(z), we shall have,

Ajgxz+tn%uuzy

By changing variables, let w = z+t. Thenz = w — t and dA(w) =
dA(z). Thus,

ICoslbw) = ICas(i)I?+ /U (Cpug)(2)[dA(2)
. ga+tﬁ+/\gz+mﬁmﬂw)

= Igli+0P+ [ 18/ (@)PdAww)

is not an isometry since

g +0P+ [ 18'(@)PdA@) # Iglo)
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O
Now, we argue as in the scaling class and consider D,(U), and also

define Cy, : Do(U) — Do(U) by
(fq,tg(z) =gq(z+t)—g(i+t), VgeD,(U). 4.2)

Clearly Cy, is well defined since Cy,g(i) = g(i +t) — g(i +t) = Oand it
also maps D, (U) onto itself, as desired.

Next results gives the semigroup properties of (é¢t)t20 on D, (U).

Proposition 4.3

Let Cy, be as defined in (4.2). Then the following properties hold:

1. The class (Cy,)tcr given in (4.2) forms a group of Do (U).
2. Cy, is a linear isometry on D, (U).
3. Cy, is strongly continuous on D, (U).

4. The infinitesimal generator I of (Cy, )icR is given by

I'g(w) = g'(w) —¢'(i), (4.3)

with dom(T') = {g € D,(U) : ¢'(w) € D(U)}.

PROOF. It is sufficient to show that (Cy,)i>0 and (Cy,)i<o are semi-

groups on D, (U). Indeed, for ¢ € D, (U),

Cpo(z) = g(z+0)—g(i+0)
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SO éq)o =L
AlsoVg € D(U), t,s >0,

(Cp0Cp)g(2) = Cy,(Cp8(2))
= Cpglz+1t) —Copgli+t)
= g(z+t+s)—gli+t+s)—(gli+t+s)—gli+t+s))
= glz+(t+s)) —gli+ (t+53))

= é¢t+sg(z)'

Therefore, Cy, 0 Cy, = Cy,,, and hence (Cy,)1>0 form a semigroup on
D, (U).

We can also prove that (Cy, );<o forms a semigroup on D, (U) in a sim-
ilar way. Therefore, (é(Pt)te]R forms a group under composition, as de-
sired. This completes the proof of assertion 1.

For assertion 2, we first show that C,, is linear, V f, ¢ € D,(U) and

«, B € F we have;

Coiaf +Bg)(z) = (af +Bg)(z+1t) — (af +Bg)(i+1)
= af(z+8)+Bg(z+1t) —af(i+t)—Bgli+1t)
= a(f(z+1t) = fi+1) +B(glz+1t) —g(i+1))
= aCy f(2) + pCy8(2),

as desired. We next prove that, C;f/’t is an isometry. Now, Vg € D,(U),
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we have;

Coglbuwy = | 1Cn(g) (@) PdA(w)
= [ glw+n—gli+n) PdAw)
= [ 18w+ PdAw).

Changing the variables, let z = w + t then w = z —t and dA(z) =
dA(w). Thus;

b = [ 18@+DPdA)
= [ 1§ @PdAR)

= 8lpeqw)-

(%4

Strong continuity of the operator Cy, on Do(U) follows immediately
from Theorem 3.1.
Next, we determine the infinitesimal generator I' of (é(pt)te]R. If g €
dom(T') in D(U), then by definition we have,

o) _ lim (@0 =gli+0) —g(w)

+
t—0 t

= 2 (glw+1) - gli+1)
= §(@) )

t=0

Hence dom(T) C {¢ € D,(U) : ¢'(w) € D(U)}. Conversely, let
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¢ € Do (U) such that ¢'(w) € D(U) Vw € U, we have

C@tg(wi :gq’og(w) — %/Ot %(g(w) —g(i))ds

L', 6w
= 1 [ CoGlw)ds

O . e .
Thus %ﬂow = fmi fot Cy,(G)ds and strong continuity of (Cy, )ter

implies that 1 fot |Cp,G — G||ds tends to zero as t tends to zero. Thus
dom(T) D {g € D-(U) : ¢'(w) € D(U)}. This gives the result. O

4.2 Spectral properties

In this section we shall investigate the spectral properties of the in-
finitesimal generator, . Specifically, we determine o (T'), 0,(T') and

p(T) of T at a particular point in the resolvent set.

Proposition 4.4
LetT be the infinitesimal generator of the group (Cy,)ter on the Do (U),
given in equation (4.3) then, 0,(I') = @ and ,(I') C iRR.

PROOF. Let A and g be an eigenvalue and eigenvector of I respectively.

Then the equation I'g = Ag is equivalent to;

g (w) —g'(i) = Ag(w). (4.4)

To solve equation (4.4) we let ¢’ (i) = B to have
§'(w) — Ag(w) = B. (4.5)
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Equation (4.5) forms a first order differential equation and using an
integrating factor technique we obtain the solution as,

§(w) = —3 +KA,

where, B = ¢’(i) and the constant K is arbitrary.

By differentiation, g’'(w) = AKe. Tt follows from lemma 3.4, assertion
2,¢' ¢ L3(U) and therefore g ¢ D(U) for any A implying that 0, (I') =
Q.

Next we show that o(T') C iR.

Since each (Cy,) is an invertible isometry on D, (U), (Theorem 2.3) its
spectrum satisfies ¢(Cy,) C 9D and by Theorem 2.6 we have ¢!"(l) C
a(é¢t). Therefore o(T') C iR, which completes the proof. O

4.3 An integral operator on D,(U)

We now obtain an integral operator on D, (U). Since ¢(I') is contained
in iR we leta point A = 1in p(I') and obtain R(1,T'), given by Theorem
2.2.

Theorem 4.5

Considering the infinitesimal generator, T of (Cy,)icr on Do(U), then
these holds;

(a) R(1,T) on D, (U) is

R(1,T)h(z) = /Zoo
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(b) ¢(R(1,T)) C {w w —

N|—=
I
N|—
——

(© [IR(L,T) <1
(d) r(R(1,T)) < 1.
PROOF. Let us consider a point A = 1. Since ¢(I') C iR, then A € p(T).
Therefore, applying the Laplace transform, (Theorem 2.2), we obtain
R(1,T) as;
R(1,T)h(z) = / et Cy,hdt
0
- / eIz +t) — h(i + 1)]dt
0
Changing the variable and letting w = z+t,t = w —zanddw =
dt, t =0=>w =2zt = 0 = w = 0.
R(1,D)h(z) = / e~ @A h(w) — h(i + (w — z))]dw
z
- / oy (@) =h(i+ (w —2))]dw,
which is the result.

Next, we estimate the spectrum of the resolvent c(R(A,T')) by applying
Theorem 2.5 which asserts that ¢(R(A,T)) \ {0} = (A —co(I))! =

{/\17# TUE U(F)}. Thus,

F(R(A,T)) C {A Toire ]R} (46)
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Let A = 1 and substituting in (4.6) we get

F(R(1,T)) C {1_1ir :re]R}.

Making the denominator rational and simplifying we have;

7(R(1,T)) C {LHrrER}

1412

We let
1 +ir
1412

then we subtract 1 and simplify we have,

1 1-ir 1

YT T 1¥2 2
o —r+1

p— m.

Getting the magnitude on both sides we get,

1 | 1=ir
'w_i - ‘1+r2
rc+1
:‘4ﬂ+1‘
1
T4
1 1

Therefore, 0(R(1,T)) C {w : ’w -

N|—
Il
N|—=
——

This proves (b).
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Next, we apply Theorem 2.4 which proves that

IRADI < o7

Thus,
IR(L,T)|| <1.

Finally, we estimate r(R(1,T)).
Since a norm bounds an operator’s spectral radius then, r(R(1,T)) <

|R(1,T||) which implies that

r(R(LT)) < [IR(LT)| <1.

Thus,
r(R(1,T)) <1.

which completes proof of (d). O
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Chapter 5

Summary and recommendation

5.1 Summary

We evaluated all automorphism of U in this thesis, the automorphisms
are classified into three distinctive classes. These classes are, transla-
tion, scaling and rotation classes (Theorem 2.10). In this study, our
focus was solely on translation class and scaling class. Under the scal-
ing class, the automorphism of the form (3.1) was extensively studied
and we obtained the corresponding composition semigroup given by
(3.5). We then investigated the spectral and semigroup properties of
these composition semigroups. We constructed a class of integral oper-
ators on D, (U) as resolvents to a group of isometries on D, (U) which
is strongly continuous. Moreover, we determined the norm and the
spectra of the constructed class of integral operators and also, we de-
termined the adjoint properties of the composition semigroup D, (U).
On the translation class, we also considered the automorphism of the
form (3.2) and obtained the corresponding composition semigroup given

by (4.1). In Proposition 4.3, we obtained I' of the composition semi-
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group. We in addition confirmed that 0,,(I') is empty and ¢(I') C iR
as outlined in Proposition 4.4. By applying (Theorem 2.2) which gave
the resolvent of I' as an integral operator acting on D,(U) (Theorem
4.5). As a result, we used spectral mapping theorem (Theorem 2.5) to
determine the spectrum of the integral operator. Finally, we applied
Theorem 2.4 to obtain the integral operator’s norm and the spectral ra-

dius.

5.2 Recommendations

Based on the study, we recommend further research in the following

areas:

(i) The spectral analysis of the composition semigroup induced by
the scaling class in now complete following this work and that of
Oyugi [15]. However, the analysis of the composition semigroup
induced by translation class remains open. Our study has par-
tially obtained these properties. We therefore recommend a com-
plete spectral analysis of the composition semigroup induced by

the translation class.

(ii) From our study we have considered the composition semigroup
on the subspace, D,(U) of D(U). We therefore recommend a
different approach should be used to study these operators on
the Dirichlet space of the upper half plane, D(U), at large and

obtain the spectral properties.
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(iii) We constructed integral operators on D, (U) and recommend an

extension of this study to the setting of the weigted Dirichlet space.
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